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ON THE PRIMARINESS OF THE
POULSEN SIMPLEX SPACE

BY
WOLFGANG LUSKY

ABSTRACT

We show that the Poulsen simplex space is primary by investigating special
monotone bases in L,-predual spaces.

1. Introduction

Assume all Banach spaces to be real. A Banach space X is called primary if
for every bounded projection P:X — X we have that PX or (id-P)X is
isomorphic to X. Let S be the Poulsen simplex, i.e. the metrizable compact
Choquet simplex whose extreme point set ex S is dense in S. [t is well known that
S is uniquely determined (up to affine homeomorphisms) by this property ([4]).
The corresponding L,-predual space A(S)={f:S — R|f affine, continuous} is
maximal in the sense that every separable L,-predual space X is isometrically
isomorphic to a subspace Y of A(S) with contractive projection P: A(S)— Y.
We can even assume that (id-P)(A(S)) is isomorphic to A(S) ([7]). Further-
more, A(S) is isomorphic to the Gurarij space G which is uniquely defined by
the following property: Whenever E C F are finite dimensional Banach spaces
and T: E — G is an isomorphism then there is an extension T: F— G of T to
an isomorphism with || T|[| T-"||=(1+ )| T|||T7!| for every given &£ >0. In
contrast to these spaces A(S) and G, C(A), A the Cantor set, has a minimality
property: Every separable L,-predual space X, whose dual X * is non-separable,
contains an isometric copy Z of C(A) with contractive projection P: X > Z
([3])- It is well known that C(A) and moreover all C(K)-spaces with metrizable
compact K are primary ([1], [5]).

In the present paper we show the primariness of A (S) and hence of G. Note
that A(S) is not isomorphic to any complemented subspace of a C(K)-space
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Tueorem 1. Let Q : A(S)— A(S) be a bounded linear operator and let € > 0.
Then for Q = id-Q or for Q = Q there is a subspace Y C A(S) and a contractive
projection R : A(S)— Y such that

(i) Y=A(S),

(i) 1/Q2+e)yl=|ROy[=|Qy| forally€Yy,

(iii) there is a projection R,: A(S)— QY with |R|=(2+¢)]|Q].

Tueorem I1.  Let Q : A(S)—> A(S) be a bounded projection. Then, for Q = Q
or for Q =id-Q, QA(S) is isomorphic to A(S), i.e. A(S) is primary.

CoroLLARY. There is a separable simplex space X, whose dual is non-
separable, which is not primary. Hence X is neither isomorphic to C(A) nor to
A(S).

Proor. There is a simplex space Y whose dual is [, ([2]) which is not
isomorphic to any complemented subspace of any C(K)-space. Define X =
(C(A)YD Y)). Clearly, Y is complemented in X, hence X is not isomorphic to
C(A). On the other hand, X is not isomorphic to Y since Y*=1, # X*. |

Before we prove Theorem I and Theorem II in section 3 and 4 we consider in
the next section special Schauder bases in arbitrary separable L;-predual spaces
and prove some technical lemmas.

2. Admissible Schauder bases in L;-predual spaces

A separable L,-predual X can be represented as follows: X = U.nE.
I»=E,CE,,, forall n. Let {e.,, (i =1,---,n} be the canonical unit vector basis
of E, = 12. Then the unit vector basis {€; .., Ii =1,---,n+1} can be taken in
such a succession that

(*) Cin = €Cini1t Qir€riinst, i=1,--n,

where a;,. are some real numbers with 27_,|a;.| = 1. Let us define e, = e, for
all n €N. It is easy to see that (e,).e~ is @ monotone basis of X, i.e. the basis
constant of (e, ).en is one. We call such bases (e, ).en admissible Schauder bases.
Define linear functionals ®; on X as follows:

1 i=j
P, (e.) = for all n = j.
0 i#]

®@; is indeed well defined and we obtain that {+ ®, Ij € N} is w*-dense in the

extreme point set of the dual unit ball of X, ex B(X*). We call these functionals
associated with (e.).en ([3], [7], [8], [10]).
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Lemma 1. Let (e.).en be an admissible basis of an L,-predual whose as-
sociated functionals are (®,)nen. Let N CN. Then Yy = closed span{e, | n € N}
is an L,-predual and (e,).c~ is an admissible basis of Y. Furthermore, @, y,,

n € N, are the functionals associated with (€,).en.

Proor. Let n, <n,<---<n, be the first elements of N. We show,
€n €ny, * * *. €, Span 7 and e, is the last element of the unit vector basis of I7.
This is clear if m = 1. Assume that it is true for some m — 1 and consider
e.. Put F,_,=span{e..,e., -, e, _t=12"""Let{f, -, fu_1} be
the unit vector basis of F,.., (with f._.=e, ) such that

e!l]’ e"/z’ o ‘3 en

-t

1 i=j
®,(f) = , Li=1,---m-1
0 i#j
Consider E,, =span{e;, e -, e, _1,e, }, whose unit vector basis is
{ein, |i =n,} (i€ €., =e.) Define A={n,n,, - n,_,}. Then we have
f=enm+ 2 ®(f)en,, i=1-m-1
Let e
nm—l
hi=en. + 2 B(f)en, i=1--m—-1 and h,=e,.
=1
jeA
Then the h,, i=1,---,m, are the elements of the unit vector basis of

span (F,._, U {e, })= 17 and we have

1 i=j
®, (h) = , ij=1- m. ]
0 i#]

CoROLLARY 2. Let (e,).en be an admissible basis of an L,-predual X whose
associated functionals are (P,).en. Let N CN be a subset and assume that there is
0<a<1l with w*-closure{®,|ne N}C{x®d,.{nE NJUAB(X*). Then
ex B(YX)={=£D,yv, , n € N} and hence Y§=1,.

PrOOF. {£®,v, , n € N} must be w*-dense in ex B(Y %), so we have
ex B(Y}) Cw*-closure{= ®,v, [n EN}N{y*€ Yu||y*[=1}
C{+®,y, |nEN}.

Since Yy isan L,-predual, Y%= 1, |
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3. Proof of Theorem 1

Again, let S be the Poulsen simplex. Let (e. ).~ be a given admissible basis of
A(S). We can assume w.l.o.g. that the associated functionals (®,).en are
positive in the natural order of A (S)* = L,, because, if ®;Z 0 for some j, we may
take —®; and — ¢, instead of ®; and ¢, An easy way to construct admissible
bases (€. ).en in A(S) is to consider a triangular matrix A = (a;,,) whose columns
are dense in {(a)€E |, | 0w, i=12,--, 3%, =1} with respect to the
l;-norm. These columns define by (%) (section 2) isometric embeddings E, =
I2— E,, =1I2"". The corresponding basis (e.).en, defined as in the preceding
section, then satisfies e, = 0, n € N. Furthermore, it is easy to show that in this
case e; = ls.

Let us now assume that (e, ).~ is an arbitrary given admissible basis of A (S)
such that e, = 15 and the corresponding associated functionals all are positive.
This is equivalent to ®;(e;) =1 for all j EN.

We obtain closed span{e, , n>1}={f€e A(S)lf(sl) =0} for some fixed
s, € ex S. The positivity of the @, ensures that § = w*-closure{®, | n € N} is, by
evaluation, affinely homeomorphic to S. We have

S={x*€ AS)*|[x*]|=x*(e) =1}
Now, let Q: A(S)— A(S) be a bounded linear operator.

LEMMA 4. Let 7 >0. Then there is a subsequence N CN such that for O = Q
or for Q =id-Q there exists 112=k =| Q| with

@) ®.(Qe.)E [k, +7] forall n €N,

(i) |®.(Qe.)|=2"if ,m €N, n>m and n is the k-th element in N,

(iii) w*-closure {®, | n € N} contains an interior point with respect to the
restriction of the w*-topology on §.

Proor. At first, we define a subsequence N, CN: Since ®.(e.)=1 for all
n €N we have ®,(Qe,)=1/2 or ®,((id-Q)e,) = 1/2. Let » = max(]|Q|,]id-
QOl)andlet I;,j = 1,-- -, n, for some n €N, be intervals, each of whose length is
smaller than 7, such that U, I, = [1/2, w]. Let W; = w*-closure {®, ICID,. (Qe,)E
I} and W,,, = w*-closure{®, | ®,((id-Q)e,) € I,}. Hence § = U], W,, since
{®, |n €N} is w*-dense in S. From Baire’s theorem it follows that there is
jo€{1,2,---,2n} such that interior W # J. Assume w.l.o.g. that jo = n, i.e. put
QO = Q. Define N;={n €N | ®, € W,}. N, satisfies (i) and (iii). Next, we choose
a subsequence N C N, as follows: Let U C W, be w*-open and connected, and
let ¥, € U, n €N, be w*-dense in U such that |¥,r]]<1 for all n €N with
F = span{e, l n > 1}. Start with 1<n, € N, arbitrarily. Assume that we have




Vol. 37, 1980 POULSEN SIMPLEX SPACE 155

defined already n, <n,<---<n €N,. There is a subsequence M C N,, con-
taining ni, ny, - -+, n but 1€ M such that ®,, >V, if m € M and m — = with
respect to the w*-topology. Hence Y%= [, with Y, = closed span{e,. |m € M}
(Lemma 1 and Corollary 2). There are u,; €ER such that &, 0Qy, =
Siemiij @iy, i =1, -+, k, and Zjenm | pij | < for all i. Let ne.; € M be such that
i1 > Ny,

| (Qen. )= | 2wy ®ien.)|= 2 [my]=27"
jE

jem
FEM

foralli=1,---,k and
(+) (@, - ¥ l=k, where E, =span{e,, - -, e }.

(+) ensures that U C w*-closure{®,, |k € N}.

Put N={n,n,---}. ]

For the rest of this section, let us assume Q = Q.

Let N ={n,, ny, -} be the sequence of Lemma 4. Fix k €N and consider
x = Z;sctie,. Then we have, for i <k, |®, (Qx)|=2"" max;.. |1;|=27*"| x|
since sup, |t | = 2[5 t.e. [ ((e.) is a monotone basis).

Consider the weight operator W defined by

W(E t,.e,.) = 1,0.(Qe)e., 1.ER

nEN nEN

In the next lemma we show that W is well defined and bounded on a suitable
subspace of A(S).

Let us always retain the above specialized admissible basis (e, ).en of A (S).
Again define E, = span{e,, e, - - -, e,} for all n €N. Consider M C N. Then we
call Yy a facial subspace of A(S) (with respect to (e,)nen) if K = w*-closed
conv{d, ’m € M} is a face of S which is affinely homeomorphic to S, the
restriction map K —>K |y, is a homeomorphism and we have [y|=
supcek |k (y)| for all y € Y. It is clear that in this case Yy = A(S) and
R :A(S)— Yu with k(Rf)=k(f), for all k €K, f€ A(S), is a contractive
projection.

LEmMMA 5. Let N CN be a subsequence such that the interior of w*-closure
{®, | n € N} is non empty (in S). Then there is a subsequence M C N such that Yy,
is a facial subspace. Moreover, if N is the sequence of Lemma 4, then for every
£ >0 we can arrange M such that in addition

[P (Wy)— @ (Qy)|=elly ]
forally € Yy, and all m € M.
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Proor. It suffices to assume that N is as in Lemma 4. Since the interior of
w*-closure {®, l n € N}is non-empty we may assume that ®,, for some n € N, is
an interior point. Moreover, we can suppose that there is 1> 8 >0 such that
x* € w*-closure {®, | k € N} whenever x*€ § and [(x* - ®.), || < 5. Choose
M ={m,,m,,-+-} by induction: Put m,=n. Assume that we have defined
already m, <m,<---<m, such that |[(®,, —®.)g <8, i=1,---,k and

| @ (Wy) = @, (Qy)| = (1-27)elly |,

forall i=1,---,k and y € span{en,, €my, " *, €m,}.
(0) Let H = conv{®d,, li =1,---,k} and choose x%,:--,x*€ H such that,
whenever x* € H, then there is i € {1, -, r} with

(v x*—x¥[=27"
At first we consider x T. In view of our assumption on the @, we clearly have
@) [xT(Wy)—x1(Qy)|=(1-2")ely,

< 8. There is my.,EN,

for all y € span{em, €m, ", em}, and [[(xT—P.)g, |
my .1 > m,, such that

3 | @~ % w0, | 5 8 <27
for some 0 < 8,. If §, is sufficiently small we have

(P, = o), [| < 8.

My 4

Let y, € span{e,,, €m, ** *, €, } and put y = yo+ te,,,,, t € R. Then with (2) and
(3) we have, if 8, was suitably small,

| @y, (WY) = @, (QY)] = | P (WY0) =P, (Qy0)]|
=(1-27Ne v
=(1-2"elyl.

From one of the properties of the elements in N it follows that ®,, (Qe.,,,,) is
small for all i=1,---,k, if m.,, is large (Lemma 4(ii)). Hence if m,., is
appropriately chosen we obtain:

| @, (Wy) = @, (Qy)| = | o, (Wyo) — P, (Qyo)| + 1D, (Qen, . )|
=(1-2"ellyl

forall y € span{e,,, €n, ", €m.,} and i=1--- k.
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In the analogous manner treat x3, i.e. choose N 3 m.>> m,., large enough
such that

(3)2 ” (q>'"k+z - X ;)IE

h+1

o8, ||=8:<27"
for suitably small §,> 0. This yields
l(@n, ..~ Pu)ell<é  and
| @, (Wy) =, (Qy)| = (1-27 e |y |
forall y € span{e,, €n, ", €m.b and i=1,---k+2.

Continue with x%, -+ - x*. We obtain ®
there isi €{1,-- -, r} with

4) | @~ x*)e, 527

and for every j=1,2,--- k +r there is x* € H with

myers "+ " P, such that for every x* € H

&) (@, — x*)ie,, | =275
Furthermore,
[®,, (Wy) =@, (QY)[=(1-2"")e|yll

for all y € span{en,, €m,, " ", €m,.,yand i =1,--- k +r.

Then go back to (0) and do the next step in our induction.

Define M ={m,, m,,---}. Let K = w*-closure conv({®; lj € M}). Our con-
struction and (4) ensure that, whenever m € N and x* € K, then there is some
j € M with ||(®, — x*)s, || =27, hence ex K is w*-dense in K. Furthermore, by
(5), for each x*€ K and m, €M there is y*Econv({®.,,, -, P, }) with
f(x* = y*)e, | =27*7". This means, K is a face: Indeed, let x* € K and assume

=12u*+ 12 v*, ||u*|,||[v*|=1. Let yte conv{®,,, -, ®,.}), k €N, such
that y¥—""x*. Since conv({®m,s,, " Pm,5,}) is a face of B(E:)= B(l)
there are uf, vi€conv({®,, - CI),,.k}) such that u*——su*, vi——sp*

Hence u*, v*€ K.

Put D, =span{e,e., ', e }. f x* y*E K x*# y* then there is m EN
and x € E,, || x|| =1, such that x*(x) # y *(x). Let k be so large that m = m, and
277 < x*(x)— y*(x)|. Let {f,,- -, f} be the unit vector basis of D, = l% and
define x, = =i, @, (x)f. Since there are x §, y § € conv({®,.,, Py, - * -, P, }) With
15— x*)e, I 15—y s, [|= 27" we obtain

[x*(x)— x*(x)| = |x¥(x)— x§(x)| + 2747 =27+
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and
[y*(x)=y*(x)|=]ys(x)—ys(x )|+ 2747 =272

Hence |x*(x)—y*(x)|Z|x*(x)—y*(x)|—27*"7>0, i.e. xty,#y’y, This
proves Lemma 5. |

Let 8 >0, no € N and assume that E C A(S) is a finite dimensional subspace.
Let N = {n €N||(®.. — ®.)=]| < 8}. Then in view of the density of ex § in § we
have that w*-closure {®, | n € N} contains an interior point. Therefore Lemma 5
is applicable to such a sequence N.

Let N be again as in Lemma 4 and let MCN be the corresponding
subsequence of Lemma 5. W maps Yy on a dense subspace of Yy. If W is an
isomorphism then it is surjective and in this case Theorem 1 follows immediately
from Lemma 5 (with Y = Yy, ). Unfortunately, W need not be an isomorphism.
So the difficulty of the following proof is to construct a new admissible basis.
Then we have to use the arguments of the proof of Lemma 5 again.

Now, we prove Theorem I. Let 0 <8 < 1 be arbitrary. Consider the subsequ-
ence N of Lemma 4 with some 7 > 0 depending on 8 (to be determined later).

Applying Lemma 5 we may restrict our considerations to a suitable facial
subspace Y. of Yy, with all the properties mentioned in Lemma 5. Here we
choose 0 < ¢ < 1/2(2 + &). For simplicity we may assume w.l.o.g. that M = N (i.e.
Yu = A(S)). We have then @, (Qe,) € [k, k + 7] for all n € N, where « = 3is the
constant of Lemma 4. Furthermore we have

|®.(Wy)~@,.(Qy)|=elly| foralln€N, y€EA(S)
and
[®,.(0x)|=2""Y|x]||  forall x € span{e,s1, €nsz,- -} and m <n.

We consider two alternatives: At first, assume that there is facial subspace Y
whose facial projection is R, such that

[RQy||z(2+8)" whenevery€Y and |y|=1.

Here, from our assumptions, we infer ||(W — RQ),v|| = &. T = RQy is invertible
and therefore W is invertible. Hence both operators are surjective. We have
|T'|=2+ 6. Define R,: A(S)— QY by QT 'R. If § is sufficiently small, we
are done.

Assume now, that for every facial subspace Y thereisy € Y with |y ||= 1 and
[RQy | < (2+ 8)". We construct then a subspace Y = A(S) and a contractive
projection R:A(S)—> Y such that |kxidy — RQ,v||=8. Then we obtain
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12lyli=«|y|=|RQy||+ 8|yl for all y € Y. Hence again, T = RQ)y is inver-
tible if 8 is small enough and we can apply the same argument as before. We
define Y in a manner which is similar to that used in the proof of Lemma 5: Let
i, i =0,1,2,- -+, k, k €N, be non-negative real numbers such that Zf.,a;, = 1
for all k €N, the [i-closure of {(aix asx, """, Qs 0,0,-~~)|k € N} contains
{(a)ElL|a;=0,i=1,2,+, 2 & =1} and

0) 27 M =@ =27 for all k €N.

Put F,={0}. Assume that we have defined. already F, =span{f,---, fi}=1%
where {fi, -, fi} is an admissible basis of [£ with

1) {fi, -, fi} Cspan{es, €5, - -, €.} for some n €N.

Assume furthermore that we have defined already m, <m,<- -+ < m, such that
®,, P, -, P., are associated with f, f,,---, f. Moreover suppose that
R, :E,— F, is a contractive projection such that ®,, (x)=®, (R.x) for all
j=1,---,k and x € E,. Finally assume

k

Q) Ik®n()-®u(@N)I=(327)8lfl  forallfe R, =1k
i=1

Let 0<p <min(2™“*|Q|'8,277*5, 7). Let p €N be such that p > n,

() |®.(Qx)|=p|x| foralli=1,---k and x Espanfe,|q=p}

and

@ o ge)

é
|E,+QE,
By Lemma § there is a subsequence N C {q € N| g = p} such that Yy is a facial
subspace and

&) (@, - CDP)IE,ﬁOEp” =p’ for all g € N.

By our assumption, there is y € Yy such that|[y | = 1 but[|RQy||<(2+ 8)". We
can assume without loss of generality that y € span{e, ,q € N}, i.e. there is
q € N with |®,(y)| =1 and |®,(Qy)| <(2+ 8)". Suppose ®,(y) = 1 (otherwise
take —y). Say y € G = span(E, U{g [;’ € N,j =r}) for some r > gq. In view of
Lemma 1, G is an [Z-space where m =dim G. Put f= Ae, +(1— A)y where
0=A=1is so that

(6) kz®,(Qf)zk —p.
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By (5) we obtain k+21=Zk+7+p=P,(Qe,)+p?|Q|z=P,(Qe,)=
®,(0e,)-p’|O||zk —p=x —121/2— 7 If 7 is sufficiently small (such that,
for instance, (12— 7)— (2+ 8)'>127), we have A 23/4= (2(1-p%)"". Hence
®,(f)=0 for all j=r, jEN ((5). Moreover, ®.(f)=0, i=1,---,p—1, 12
®,(f)z0,12d,(f)=z1-p* and | P, (Qf)|=p for all i =1,---, k (in view of
3))-

Define mi.; = q and fi., € G by ®,(fc.))=1 and ®;(fi.1) = (1 - p)®; (f), if
j=1,--p,orjEN,j=rj#q.Let f\, i =1, k, be the elements of the unit
vector basis of F,.. Then we have for jEN, j=r, j# q and for j = p:

iZ: [®; (fir) = ©q (fui )P; ()| + | ®; (firr)]
é .Zkl '¢i(ﬁ,k)_¢’q(ﬁ,k),+ (1_¢i(fk+1))g’¢q(fi,k)l+ ld)i(fkﬂ)l

=20%+ 3 [0, ()| + (1- 3 19,60)]) 1= p)

k

=207+ 1-p(1- 210, ()] ) S 207+ 1-p@* " = p = p?) = 1

i=1

in view of (0), (4), (5) and the choice of p. (Recall that ®;(fi.1)=0 for all
j=1,---,p and for j € N, j = r. Furthermore, in view of (1) we have ®,(f.)=0
foralli =1, -, k. Hence, by (4), (5) and (0), 1 - 25, [®,(f.x)| =27 "= p — p%)

Thus fix — @, (fix )i+, i =1, -, k, and fi,, are the elements of the unit vector
k+1

basis of F..;=span{fy, f, ", fiss} = 13", since F,,CG, i.e.

Ix )= sup{|®;(x)||j=1,--p,or JEN,j=r} forall x € Fa...
By (6} we obtain
™) |®,(Qfcr)—x|=(1+[Ql)p =278 since [|f - finil = p.
The latter inequality also yields ((3)):
(8) |®.,.. (Of)|=(1+]Of)p =275 foralli=1,--- k.

Hence we have (q = mi.1)
+1 ,
O Ix@n) =B @)= (227 slyl, =Lkl

if y ==K} t;f. This follows for i = 1,-- -, k from (2), (8), and for i = k + 1 from
(2), (4), (5) and (7). (Note that | Z{_, t,f;| = ||y || since {f, - -, fe+1} is @ monotone
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basis.) Let x€E and define Riux =25 P (x)(fi — Pq(fig) firr)
+®,, . (x)fi1. We obtain @, (x) = P, (Rc.ix) foralli =1,---, k + 1. Further-
more, if y € E,, then we have

IR = Rewix || =
(10)

g¢mumk—§¢muxm—4um0ﬂn—¢m4nﬂﬂ
=2 x|

since, with q = m.,

(.- 3 ®.000.)

IE,

k

2 (e = @y (£ )P,

i=1

=

+ Ok +

k
(Dq - (ao,kfbl + 2 Qa; (bm,>
i=1

k
§p2+p +E ,ipq(f.;k)—a,;k '+ao‘k §2p2+ 2p +2'k §27k+1
i=1

(cf. (4), (5) and (0)). Define Y = closedspan{f;,f;,---}. R:A(S)— Y with
Rx = lim, .. R.x for all x € U, <« E, is a contractive projection with ®,, (Rx) =
®,, (x) for all i (cf. (10)). Then (9) yields ||« idy — RQy || = 8. The choice of the
o asserts that 2., a;, — 1 if k = ». Moreover, we have, by construction,

@ s llZ1-2%—p—p>=1-27""  forall k.

Hence, |®mr)lZ0-i(1-27) for all h=k This means that w*
closure{®,,v |i EN}C{y*€ Y*|||y*|| = 1} and Y is a simplex space where the
corresponding simplex is the Poulsen simplex. n

It should be pointed out that Theorem I remains true if we replace A (S) by
C(A), A the Cantor set. Here we can consider the following admissible basis: Let
A = (a..) be a matrix whose columns are the elements of the usual unit vector
basis of I, and assume that each of these elements appears infinitely many times
among the columns of A. The corresponding numbers a,, define, according to
(*), section 2, isometric embeddings I5= E, — E,., = I2"'. We have U.enE.=
C(A) ([7])- Take the corresponding admissible basis (e,.).en. The associated
functionals (@, ).e~ here satisfy: For every k,m €N there is n Z m such that
®, ., = @, . For this basis we can apply the same argument as in the proof of
Theorem I with only minor modifications. In particular, in the preceding proof
we may take p =0 which simplifies the arguments considerably.
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4. Proof of Theorem II

The proof of Theorem II is an easy consequence of Pelczynski’s decomposi-
tion method. Let X,, n €N, be Banach spaces. Then we define

(@ X,.) = {(xn)..enl X, € X, lim || x, || = 0}
(co) noe

n=1

and consider the norm ||(x, )Jnenl] = supren| . |-
LemMMmA 6. A(S), S the Poulsen simplex, is isomorphic to (@l,A(S))(co).

ProoE. Put Z = (@:L. A(8))- It is easy to show that Z is an L,-predual
space. Hence Z can be regarded as a subspace of A(S) such that there is a
contractive projection P: A(S)— Z and (id-P)(A(S)) is isomorphic to A(S).
Hence we have

A(S)=(id-P)(A(S))@Z~A(S>@(§A(S>) ~@A(S)) .=

(co) (co)

Proor oF THEOREM II. Let Q = Q. By Theorem I there is a complemented
subspace W C QA(S) such that W~ A(S), hence we can write QA(S)=
W@ Z. Furthermore, A(S)=U@ QA(S). We have A(S)P QA(S)=
AS)DWDHZ~WEPZ=QA(S) since A(S)P W ~ W. Furthermore

A®)®0AS)~ (D aw)) _@0A)
“(@Y) 2@ o) @0

-(&v)

This proves Theorem II. n

@ (é QA(S)) ~ A(S).

(co) =~ (co)
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