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ON THE PRI MARI NESS  OF THE 
P O U L S E N  SIMPLEX SPACE 

BY 

W O L F G A N G  L U S K Y  

ABSTRACT 

We show that the Poulsen simplex space is primary by investigating special 
monotone  bases in L~-predual spaces. 

I. Introduction 

Assume all Banach spaces to be real. A Banach space X is called primary if 

for every bounded projection P:X---~X we have that PX or ( id-P)X is 

isomorphic to X. Let S be the Poulsen simplex, i.e. the metrizable compact 

Choquet  simplex whose extreme point set ex S is dense in S. It is well known that 

S is uniquely determined (up to affine homeomorphisms) by this property ([4]). 

The corresponding L~-predual space A (S) = {f : S ~ R I f affine, continuous} is 

maximal in the sense that every separable L~-preduai space X is isometrically 

isomorphic to a subspace Y of A(S)  with contractive projection P : A(S)--* Y. 

We can even assume that (id-P)(A(S)) is isomorphic to A(S)  ([7]). Further- 

more, A (S) is isomorphic to the Gurarij space G which is uniquely defined by 

the following property: Whenever  E C F are finite dimensional Banach spaces 

and T : E --~ G is an isomorphism then there is an extension ~" : F---* G of T to 

an isomorphism with II~'IIII~'-'II<=(I+~)IITIIIIT-~II for every given e >0 .  In 

contrast to these spaces A (S) and G, C(A), A the Cantor set, has a minimality 

property: Every separable L~-predual space X, whose dual X* is non-separable, 

contains an isometric copy Z of C(A) with contractive projection P : X  ~ Z 
([3]). It is well known that C(A) and moreover  all C(K)-spaces with metrizable 

compact K are primary ([1], [5]). 

In the present paper we show the primariness of A (S) and hence of G. Note 

that A(S)  is not isomorphic to any complemented subspace of a C(K)-space 

(I21). 
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THEOREM I. Let Q : A (S)---~ A (S) be a bounded linear operator and let e > O. 

Then for 0 = id-Q or for 0 = Q there is a subspace Y C A ( S )  and a contractive 

projection R : A(S)--~ Y such that 

(i) Y~- A(S), 
(ii) 1/(2+ e)f[y]l<-[[ROyl]<-_l]Oyr[ /or all y @ Y, 

(iii) there is a projection R~ : A (S) ~ t )  Y with II R I II --< (2 + ~)ll 0 il. 

THEOREM II. Let Q : A (S) ~ A (S) be a bounded projection. Then, for 0 = Q 

or for 0 = id-Q, O A ( S )  is isomorphic to A ( S ) ,  i.e. A ( S )  is primary. 

COROLLARY. There is a separable simplex space X, whose dual is non- 

separable, which is not primary. Hence X is neither isomorphic to C(A) nor to 

A ( S ) .  

PROOF. There is a simplex space Y whose dual is 11 ([2]) which is not 

isomorphic to any complemented subspace of any C(K)-space. Define X = 

(C(A)~) Y)t=~. Clearly, Y is complemented in X, hence X is not isomorphic to 

C(A). On the other hand, X is not isomorphic to Y since Y* ---- 11 ~ X*. • 

Before we prove Theorem I and Theorem II in section 3 and 4 we consider in 

the next section special Schauder bases in arbitrary separable L rp re d u a l  spaces 

and prove some technical lemmas. 

2. Admissible Sehauder bases in L~-predual spaces 

A separable L~-predual X can be represented as follows: X = ] ~ . ~ r ~ E . ,  

l " ~  E~ C E.+t for all n. Let {e~,. li = 1 , . . - ,n}  be the canonical unit vector basis 

of E .  ~ lL Then the unit vector basis {e~..+~ [ i = 1,- •., n + 1} can be taken in 

such a succession that 

(*) e~,. = e~..+l + a~,.e.+l,.+t, i = 1,. •., n, 

where a~,. are some real numbers with •n= 1 l a~,. I -< 1. Let  us define e. = e,~. for 

all n E N. It is easy to see that (e.).~N is a monotone basis of X, i.e. the basis 

constant of (e.).~N is one. We call such bases (e.).~N admissible Schauder bases. 

Define linear functionals qbj on X as follows: 

{10 i = J  
• j (e~.,) = for all n = j. 

i~ j  

~i is indeed well defined and we obtain that { +-- ~i  I J ~ N} is w*-dense in the 

extreme point set of the dual unit ball of X, ex B ( X * ) .  We call these functionals 

associated with (e.).~N ([3], [7], [8], [10]). 
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LEMMA 1. Let (e,),~N be an admissible basis of  an L~-predual whose as- 

sociated functionals are (~,) ,~N. Let  N C N. Then Y~ = closed span{e,  I n E N} 

is an L~-predual and (e,) ,~N is an admissible basis of  YN. Furthermore, dO,ryN, 

n E N, are the functionals associated with (e,),~N. 

PROOF. Let n , < n z < . . . < n m  be the first e lements  of N. We show, 

e,,, e,~, • •., e,,. span 17 and e, .  is the last e lement  of the unit vector  basis of  l~. 

This is clear if m = 1. Assume that it is true for some m -  l and consider  

e,,, e,~, • •., e . . . . .  e , .  Put F,,_, = span {e,,, e,~, - •.,  e . . . .  } ~- 17- ' .  Let  {/,, • •., f,,_,} be 

the unit vector  basis of  F,,_~ (with /,,_~ = e . . . .  ) such that 

i~j 
i , j = l , . . . , m - 1 .  

Consider  E,~ = s p a n { e ~ , e 2 , . . . , e , _ , , e , . } ,  whose unit vector  basis 

{ei..~ l i <-_ n,,} (i.e. e . . . . .  = e . . ) .  Define A = {n,, n 2 , "  ", n,,_,}. Then  we have 

Let 

n 

f, = e ..... + ~ ~i( f , )e ,  .... 
1=1 

i =  1 , . . - , m - 1 .  

. - I  

h i = e  ..... + ~ qbj@)ej .... 
j = l  
j f f A  

i = l , . . . , m - 1  and h,, = e , .  

is 

Then  the h,,  i = l , . . . , m ,  are the e lements  of the unit vector  basis o f  

span(F,._~ t_J {e.~})~ 17 and we have 

i i =j qb.,(h,) = , i , j  = 1 , . . . ,  m. • 
i~j 

COROLLARY 2. Let  (e.),~N be an admissible basis of  an Ll-predual  X whose 

associated functionals are (ap, ).~N . Let  N c N be a subset and assume that there is 

0 < A < I  with w * - c l o s u r e { ~ . l n E N } C { + _ ~ . l n ~ N } t _ J A B ( X *  ). Then 

e x B ( Y * )  = { +- ~.lY~ I n ~ N}  and hence Y *  ~ L. 

PROOF. {-----t~,,iy~, I n  ~ N} must  be w*-dense in e x B ( Y * ) ,  so we have 

ex B (Y*)  C w*-closure { -+ ~,jy~ I n E N} V~ {y * E Y~ I]] Y * I] = 1} 

C{-+~.,YN ] n e N}. 

Since YN is an L r p r e d u a l ,  Y * ~  l~. • 
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3. Proof of Theorem I 

Again, let S be the Poulsen simplex. Let (e,).~N be a given admissible basis of 

A ( S ) .  We can assume w.l.o.g, that the associated functionals (@,).~N are 

positive in the natural order of A ( S ) *  = Ll, because, i f ~ j l  0 for some j, we may 

take -@j  and - e ,  instead of @j and ej. An easy way to construct admissible 

bases (e.).~N in A (S) is to consider a triangular matrix A = (a,,,) whose columns 

are dense in {(a,)El~lO<=a, i = 1 , 2 ,  . ' - ,  Y~=lOti= 1} with respect to the 

/l-norm. These columns define by (*) (section 2) isometric embeddings E.  

l"--* E .+~-  l 2÷~. The corresponding basis (e.).~N, defined as in the preceding 

section, then satisfies e. => 0, n E N. Furthermore, it is easy to show that in this 

case el = Is. 
Let us now assume that (e,),~N is an arbitrary given admissible basis of A (S) 

such that e~ = ls and the corresponding associated functionals all are positive. 

This is equivalent to @, (el) = 1 for all j E N. 

We obtain closed span{e, In > 1}= { f ~  A ( S ) l f ( s  O= 0} for some fixed 

sl E ex S. The positivity of the ~ .  ensures that S = w*-closure{~, I n ~ N} is, by 

evaluation, at]inely homeomorphic to S. We have 

= {x* e A(S)*IIIx*I[= x*(e,)= 1}. 

Now, let Q : A ( S ) - - - ~ A ( S )  be a bounded linear operator. 

LEMMA 4. Let r > O. Then there is a subsequence N C N such that for t )  = Q 

or for 0 = id-Q there exists 1/2 =< K _-< II 0 II with 

(i) ~ . ( 0 e . ) E [ K , K + r }  for all h E N ,  

(ii) [~m(0e,)[_-<2 - k i f n ,  m E N ,  n > m and n is the k-th element in N, 

(iii) w*-closure {@. In E N} contains an interior point with respect to the 

restriction of the w*-topology on S. 

PROOF. At first, we define a subsequence N~ C N: Since @. (e . )=  1 for all 

n E N  we have ~ . ( O e , ) _ -  > 1/2 or qb,((id-O)e,)_- > 1/2. Let oJ = max([lO[l,[[id- 

O [[) and let li, j = 1,-- . ,  n, for some n E N, be intervals, each of whose length is 
n 

smaller than ~', such that U j~l/j = [1/2, oJ ]. Let W/=  w*-closure {@, I@, (Oe , )E  
2n 

I~} and W,+~ = w*-closure{@, [@,(( id-Q)e, )E I~}. Hence S = Ui=~ W~, since 

{@, In E N} is w*-dense in S. From Baire's theorem it follows that there is 

j0 E {1, 2 , . . . ,  2n} such that interior Wj o ~ C~. Assume w.l.o.g, that ]o <- n, i.e. put 

0 = O. Define N1 = {n E N I@, E WJ.  N~ satisfies (i) and (iii). Next, we choose 

a subsequence N C N~ as follows: Let U C Wj o be w*-open and connected, and 

let W, E U, n E N, be w*-dense in U such that 11~-I~:11 < 1 for all n E N with 

F = span{e, [ n > 1}. Start with 1 < n~ E N~ arbitrarily. Assume that we have 
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defined a l ready n~ < n2 < • • • < nk E N ,  The re  is a subsequence  M C N~, con- 

taining n~,nz,.. ", nk but  1 ~ M such that  ~ , ,  ~ k  if m E M and rn ~ with 

respec t  to the w*- topology.  H e n c e  Y*--- Ii with YM = closed span{e,,  I m E M} 

( L e m m a  1 and Corol la ry  2). The re  are /z,.j E R such that ~ , ,oOl~ .  . = 

Zj~M/z~.j~jly M, i = 1, • • ", k, and Zj~M I~,J I < ~ for  all i. Let  nk+~ ~ M be such that  

nk+ l ~ nk~, 

jEM jEM 
j ~ r l k +  I 

for  all i = 1 , - . . ,  k and 

( + )  ll(~.k+,--~k)lE~ II_<-- k - ' ,  where  Ek = s p a n { e , , . . - , e k } .  

( + )  ensures  that  U C w*-closure{~b.k I k E N}. 

Put  N = {nl,  n2,"""  }. • 

For  the rest of this section, let us assume 0 = Q. 

Let  N = {n~, n 2 , " ' }  be  the sequence  of L e m m a  4. Fix k E N and consider  

x=Zj>~t~e.. Then  we have,  for  i < k ,  Ido.,(Qx)l<-_Z-kmaxj>~ltjl<=z-k+'iixll 
since sup .  ft. [_-< 2[Iz~=l t.e. II((e.) is a m o n o t o n e  basis). 

Cons ider  the weight  o p e r a t o r  W defined by 

W (  ~ t . e . ) =  ~ t .~.(Oe.)e. ,  t. E R .  
\ n ~ N  / h E N  

In the next  l e m m a  we show that  W is well def ined and b o u n d e d  on a suitable 

subspace  of A (S). 

Let  us always retain the above  special ized admissible  basis (e.).~N of A (S). 

Again  define E .  = span{el ,  e2,- • -, e.} for  all n E N. Cons ider  M C_ N. Then  we 

call YM a facial subspace of A (S) (with respect  to (e.).~N) if K = w*-closed 

conv{qb,, I m E M} is a face of  S which is affinely h o m e o m o r p h i c  to S, the 

restr ict ion m a p  K--~KI~. M is a h o m e o m o r p h i s m  and we have  [[yll = 

s u p k ~ K I k ( y ) l  for  all y E Y M .  It is clear that  in this case Y ~ - ~ A ( S )  and 

R : A(S)---~ I'M with k (R f )=  k( f ) ,  for  all k E K, f E  A(S) ,  is a cont rac t ive  

projec t ion .  

LEMMA 5. Let  N C N be a subsequence such that the interior of w*-closure 
{~,  I n E N} is non empty (in S). Then there is a subsequence M C N such that Yu 

is a facial subspace. Moreover, if N is the sequence of Lemma 4, then for every 
e > 0 we can arrange M such that in addition 

( W y ) -  ,I,.. (Oy)l--< e Ily II 

for all y E I'M and all m E M. 
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PROOF. It suffices to assume that N is as in L e m m a  4. Since the inter ior  of 

w*-closure {~ ,  [ n E N} is non-empty  we may assume that ~ , ,  for  some n ~ N, is 

an inter ior  point.  M o r e o v e L  we can suppose that there  is 1 > t~ > 0 such that 

x*  ~ w*-closure {qbk I k ~ N} whenever  x * E S and I[(x* - q~-)l~. II < & Choose  

M = { m l ,  m 2 , . . ' }  by induction: Put  m , = n .  Assume that we have defined 

already m l <  m 2 < . . -  < mk such that II(q%, -q~,)l~.ll  < & i = 1 , . . . ,  k and 

I ~ , , , ( W y ) -  ~m, (Qy)/=< (1 - 2-k)e IlY II, 

for  all i = 1 , - . . ,  k and ~ E span{era,, era2, • • ", e,.,}. 

(0) Let  H = conv{qb,,, l i = 1 , . . - ,  k} and choose x * , . . . , x *  E H such that, 

wheneve r  x* E H, then there  is i E {1,. •., r} with 

(1)  IIx* - x * II--< 2-k- ' .  

At first we consider  x ~'. In view of our  assumption on the ~m, we clearly have 

(2) / x ' ~ ( W y ) -  x • ( Q y ) / -  (1 - 2-k)e IlY II, 

for  all y ~ span{e, , ,  e , ,2, . . . ,  e,,k}, and I I (x* -  ~,)IE. II < a. There  is mk+l E N, 

mk+l > mk, such that 

(3)1 II(~ . . . .  - x*)r~.k+o~.~ll -< a,  < 2 + '  

for  some 0 < 8 ,  If 81 is sufficiently small we have 

II('t' . . . .  - , t , . )f~.  II < a. 

Let  y0E span{era,, em~, "" ", e,,~} and put  y = y0+ te . . . . .  t E R. Then  with (2) and 

(3) we have,  if 81 was suitably small, 

I (I~ . . . .  ( W y ) -  ~ . . . .  (QY)]  = I (I) . . . .  (WY 0) ricK) . . . .  (Oyo)  l 

< (1 - 2-k- ' )e  Ilyoll 

=< (1 - 2 -~-1)~  II y II. 

From one of the proper t ies  of the e lements  in N it follows that ~,, ,(Qe . . . .  ) is 

small for  all i =  1 , . . . , k ,  if mk.l is large (Lemma 4(ii)). H e n c e  if mk÷l is 

appropr ia te ly  chosen we obtain:  

I~r~, (WY)-~ , - , (QY)I-<- I  ~,-, (Wyo) - qbm, (QY0)I + I t~m,(Q e . . . .  )1 

-< (1 - 2 -k-1)e  II Y II 

for  all y E span{era,, e,,~, • •., e . . . .  } and i = 1 , . . . ,  k. 
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In the ana logous  m a n n e r  t reat  x~, i.e. choose  N B ink+2 > mk+, large enough  

such that  

(3)2 II(dP . . . .  - -  x *)l~+,+o~.~+,l]----< 62 < 2 -k - '  

for  suitably small  6z > 0. This yields 

II (cI) . . . .  - (I).)l~.l I < 6 and 

I CI)m, ( W y ) -  (I),,,, (Oy) ]  ~ (1 - 2-k-~)e 1] y l] 

for  a l l y E s p a n { e , , , , e , , ~ , . . . , e  . . . .  } and i = l , - . . , k + 2 .  

Con t inue  with x *, • •., x *. W e  obtain  • . . . . .  • •., qb . . . .  such that  for  every  x * E H 

there  is i E { 1 , . . . ,  r} with 

(4) [1(@ . . . .  - x*)j~.~ll_-< 2-k 

and  for  e v e r y j = l , 2 , . . . , k + r  there  is x * E H  with 

II(~m, - x*),~.~ll-<- 2 -~. (5) 

Fur the rmore ,  

l ~,~, ( W y ) -  ~,~,, (oY)I----  (a - 2 -k- ' )~  fly II 

for  all y E span{era,, e,,~,. •., e . . . .  } and i = I , .  •., k + r. 

Then  go back to (0) and do the next  s tep in our  induction.  

Def ine  M = {mh rn2, ' ' '} .  Let  K = w*-closure  conv({~j  l J E M}). O u r  con- 

s truct ion and (4) ensure  that,  wheneve r  m E N and x* E K, then there  is some  

j E M with ll(~j - x*)iE. II--< 2-" ,  hence  ex K is w*-dense  in K. F u r t h e r m o r e ,  by 

(5), for  each x * E  K and mk E M there  is y * E  conv({Cb, , , , . . . ,~ , , ,} )  with 

]l(x * - y*)i~kll-< 2 -k-l.  This  means ,  K is a face: Indeed ,  let x* ~ K and assume 

x * = 1/2 u * + 1/2 v *, II u * ]1, II v* II-<- 1. Let  y * E c o n v { ~ , , , , . - . ,  ~,~, }), k E N, such 

that  yk*--->W'x *. Since conv({Cbm,l~=," "~,-,l~.,}) is a face of B(E*,,~)=B(II), 
w o w *  

there  are u*,  v * E c o n v ( { q b , , , , - . . , @ , , , } )  such that  u* ~ u * ,  v* >v* .  

H e n c e  u*,  v* E g .  

Put  D~ = span{e, , , ,e , ,2, . . . ,e , ,~}.  If x * , y *  E K, x * # y * ,  then there  is m E N  

and x E E,., IIx II--< 1, such that  x *(x) # y *(x). Let  k be  so large that  m -< mk and 

2-k+3< IX*(X)-- y * ( x ) l .  Let  {fl,"" ",fk} be the unit  vec tor  basis of  Dk -=- l~ and 

define xk = E~=l ~,~, (x )~ .  Since there  are x *, y * E conv ({~,,,, @,,2, • •., @,,~ }) with 

I I ( x ~ -  x*),e.~ll, I [ (Y~-  Y*)le.,}l -< 2 -k+' we obtain  

I x * ( x ) -  x*(x~) l  _-< Ix ~ ( x ) -  x ~(x~)l + 2 -~*~ = 2 -~+~ 
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and 

l y * ( x ) -  y*(xk)l--< I y * ( x ) -  Y*(Xk)l + 2 -~+2 = 2 -k+=. 

Hence ]x*(x~)-y*(x~)l>=lx*(x)-y*(x)l-2-~+'>O, i.e. x'~,'M~YT,'M. This 

proves Lemma  5. • 

Let ~ > 0 ,  noE N and assume that E C A(S) is a finite dimensional subspace. 

Let N = {n E N I II(~, - ~,~,)1~ II < a}. Then in view of the density of ex S in S we 

have that w*-closure {~, I n E N} contains an interior point. Therefore  Lemma  5 

is applicable to such a sequence N. 

Let N be again as in Lemma  4 and let M C N  be the corresponding 

subsequence of L e m m a  5. W maps YM on a dense subspace of I'M. If W is an 

isomorphism then it is surjective and in this case Theorem 1 follows immediately 

from Lemma  5 (with Y = Y~). Unfortunately,  W need not be an isomorphism. 

So the difficulty of the following proof is to construct a new admissible basis. 

Then we have to use the arguments of the proof of L e m m a  5 again. 

Now, we prove Theorem I. Let 0 < 8 < 1 be arbitrary. Consider the subsequ- 

ence N of Lemma 4 with some r > 0 depending on 8 (to be determined later). 

Applying Lemma  5 we may restrict our considerations to a suitable facial 

subspace I'M of YN, with all the propert ies mentioned in Lemma  5 . H e r e  we 

choose 0 < e < 1/2(2 + ~5). For simplicity we may assume w.l.o.g, that M = N (i.e. 

I'M ~ A (S)). We have then qb (Qe,) E [K, K + r]  for all n E N, where K => ~ is the 

constant of Lemma  4. Fur thermore  we have 

I~n(Wy)-d~,(Oy)l<-ellyll for all n E N, y E A ( S )  

and 

I~,(Ox)l<-2-"+lllxll forallx~_span{en+,,e,+2,...} and m<n.  

We consider two alternatives: At first, assume that there is facial subspace Y 

whose facial projection is R, such that 

IIROyll_->(2+~) -' w h e n e v e r y E Y  and I ly l l= l .  

Here,  from our assumptions, we infer II(W - RQ)IY II--< ~. r = RO,~, is invertible 

and therefore W is invertible. Hence  both operators  are surjective. We have 

II T-'II--<2+ a. Define R~: A ( S ) ~  QY by QT-~R. If 8 is sufficiently small, we 

are done. 

Assume now, that for every facial subspace Y there is y E Y with II Y [I = 1 and 

IIROy II < (2+ a)  -~. We construct then a subspace Y ~ A(S) and a contractive 

projection R:A(S)---~Y such that II,~idy-ROj,.ll_- <& Then we obtain 
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1/211Y II -< ,, Ily II-  IIROy II + ~ [lY II for  all y E Y. H e n c e  again,  T = ROtr is inver-  

tible if 8 is small enough  and we can apply  the same  a rgumen t  as before .  W e  

define Y in a m a n n e r  which is similar to that  used in the p roof  of L e m m a  5: Let  

a~.k, i = 0, 1, 2, • •., k, k E N, be  non-nega t ive  real number s  such that  E~=o a~,k = 1 

for  all k e N ,  the l~-ciosure of {(a~.k, a2,~,' ' ' ,ak.k,O,O,' ' ')lkEN} contains  

{ (a , )E  I l i a , - > 0 ,  i = 1 , 2 , . . . ,  ET=,a, = 1} and 

(0) 2 -k-~ -< a0,k -< 2 -k for all k E N. 

Put  Fo = {0}. A s s u m e  that  we have  defined- a l ready Fk = s p a n { f , - - . , f k } ~  l~ 

where  {f~,--",fk} is an admissible  basis of  t~ with 

(1) {fl,"" .,fk}Cspan{e2, e3, " . ,e ,}  for  some  n E N .  

A s s u m e  f u r t h e r m o r e  that  we have  def ined a l ready m~ < m2 < - • • < mk such that  

~ , - , ,~ , , u , ' "  ",~,-~ are associa ted with f, ,  f2 , ' "  ",fk. M o r e o v e r  suppose  that  

R~ :E,-~Fk is a cont rac t ive  projec t ion  such that  ~mj(x)  = ~,(R~x)  for  all 

j = 1 , . . . ,  k and x E E.. Finally assume 

(2) IKcI,=,(f)-¢=,(Qf)]= < 2-' ~[Ifll f o r a l l f e F k ,  i =  1,. . . ,k.  

Let  0 < p < min(2-k-4110 II-'6, 2-k-4t$, T). Let  p E N be  such that  p > n, 

(3) 

and 

(4) 

I~m,(Qx)l~Plix[[ f o r a l l i = l , - - - , k  and xEspan{eqlq>=p} 

By L e m m a  5 there  is a subsequence  N C {q E N I q _-> p} such that  Yu is a facial 

subspace  and 

(5) ii(~ q _ qbp)lep÷oe, i [ =< p2 for  all q E N. 

By ou r  assumpt ion ,  there  is y E YN such that  I[Y I[ = 1 but IIRQy II < (2 + 8 ) - ' .  W e  

can assume  wi thout  loss of genera l i ty  that  y E span{eql q E N}, i.e. there  is 

q E N with I¢,q(y)l = 1 and t¢'q (Qy)! < (2+ 8)-'. Suppose ¢,q (y) = 1 (otherwise  

take - y).  Say y E G = span (Ep U {e i t J ~ N, ] =< r}) for  some  r > q. In view of 

L e m m a  1, G is an l~-space where  m = dim G. Put  f = Zep + ( 1 - A ) y  where  

0 = Z - < l  is so that  

(6) . > - - - ¢ q ( o f ) > =  K - p.  
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By (5) we obtain K+2"t>_-K+r+p>-'I~(Qep)+p2llQll>-'I 'q(Qe.) >- 

,t,~ (Oe,)-  p211 0 I I - ->"  - p - > "  - ~" --> 1 / 2 -  ~-. I f  r i s  sufficiently small (such that, 

for instance, ( 1 / 2 -  r ) - ( 2  + 6 ) -1>  12r), we have it => 3/4-> (2 (1 -  p2))-1. Hence  

qbj (st) => 0 for all j =< r, j ~ N ((5)). Moreover,  ~ ,  0") = 0, i = 1 , - . . ,  p - 1, 1 => 

• p(f)=> 0, 1_-> ~q ( / )  -> 1 - p  2 and [~.,(Qf)[<=p for all i = 1 , . . . , k  (in view of 

(3)) .  

Define mk+l = q and fk+lE G by ~q(f~+l) = 1 and ~j(fk+l) = ( 1 -  p )~ j ( f ) ,  if 
j = 1 , . . . , p ,  or j ~ N, j <- r]~ q. Let/~.k, i = 1 , . . . ,  k, be the e lements  of the unit 

vector basis of Fk. Then we have for j E N, ] =< r, j ~  q and for j = p: 

k 

Z la,,q,.~)- ~,. q,.k)a',qk+~)l + la',qk+~)l 
i = 1  

k k 

= Z I'~, q ,~) -  a,. q,~)l + (1 - a,, q~+l)) Z I a,. q,k)l + la., q~+l)l 
i = 1  i = 1  

<=2p2+Zl*q(fi, k)l+ 1-- I*q~.k)l ( l - o )  
i = l  i = 1  

= 202+1  - p ( 1 - ~  1~ ,~ ,~)1)=<202+1 - o ( 2 - ~ - l - p - p ~ )  =<1 
k i = 1  / 

in view of (0), (4), (5) and the choice of p. (Recall that ~ , ( f ~ + l ) -  0 for all 

j = 1 , . . . , p  and for j ~ N, j =< r. Fur thermore ,  in view of (1) we have ~l@,k) = 0 

for all i = 1 , . . . ,  k. Hence,  by (4), (5) and  (0), 1 - :~,~=, I cI,. (f,.~)l = 2 - k - l -  p - p~.) 
Thus [~.k --~q@,k)fk÷~, i = 1 , ' "  ", k, and fk+~ are the elements  of the unit vector 

k + l  basis of Fk+l = s p a n { / , / 2 , . .  ",/k+l} ~-l= , since Fk+l C G, i.e. 

I lx l l=sup{l~ , (x) l l j=l , . . . ,p ,  o r j~N , j<=r}  for all x E Fk+l. 

By (6) we obtain 

(7) ['l',(Of~+,)-K[<=(l+llOll)p<=2-~-~,5 since 11 f-/~+111--< p. 

The latter inequality also yields ((3)): 

(8) I,t,,,,(Ofk+,)]_-< (1+ II O [I)p ~ 2-k-36 for all i = 1,-- . ,k.  

Hence  we have (q = mk+l) 

(9) I , * , , , ( y ) -  *,.,  (Oy)l  - < 2-' 8llyll ,  i =  1 , . . . , k + l ,  

if y = E~_-+~ tffi. This follows for i = 1 , - . . ,  k from (2), (8), and for i = k + 1 from 

(2), (4), (5) and (7). (Note that IIY~=I t,~ II--< IlY II since {f~,.. ", fk+~} is a mono tone  
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basis.) Let  x G Er and define Rk+~x = El=, qb,,, (x )@,k --~q@,q)fk+,)  

+ ~ . . . .  (X)/k+,. W e  obtain  ~m,(x)  = ~,,,(Rk+~x) for  all i = 1,. •., k + 1. Fur ther -  

more ,  if y E E,,  then we have  

(10) 
__< 2-~+' l lx [[ 

since, with q = ink+l, 

~[(I)q-- (O'o,k(I~q-/_~l Ot'i,k~m.)l +O'0.k +ll/=~l(Otl,k--~q~,k))~, 

k 

--- 0 ~ + O + ~ I ~  (f,.~) - c~,.k I + ao,~ =< 20 ~ + 2p + 2 -~ =< 2 -~÷' 
i = l  

(cf. (4), ( 5 ) a n d  (0)). Def ine  Y=closedspan{fl,f2,...}. R :A(S)----~Y with 

Rx = l i m ~ R k x  for  all x E ( . J .~NE,  is a cont rac t ive  pro jec t ion  with ~ , , , ( R x )  = 

• m, (x)  for  all i (cf. (10)). Then  (9) yields ]] K idv - R Q I v  II -< 6. The  choice of the 

a~,k asserts  that  E,k_l a,,k --~ 1 if k ~ o~. Moreove r ,  we have,  by construct ion,  

1[~ . . . .  jvk []--> 1 - 2 -k - p - p2 _> 1 - 2 -k÷' for  all k. 

Hence ,  [l~,.hjvkI[-----IIT=k-~(1--2 -~) for all h>=k. This means  that  w*- 

closure{~m,j~ l i ~ N} C {y* ~ Y* I lly*ll = 1} and V is a simplex space where  the 

cor responding  simplex is the Poulsen simplex. • 

It should be  po in ted  out that  T h e o r e m  I r emains  t rue  if we rep lace  A (S) by 

C(A), A the Can to r  set. H e r e  we can consider  the following admissible  basis: Le t  

A = (a~,,) be a matr ix  whose  co lumns  are the e lements  of the usual unit vec tor  

basis of l~ and assume that  each of these e lements  appea r s  infinitely m a n y  t imes 

a m o n g  the co lumns  of A. T h e  cor responding  number s  a~,. define, according to 

(*), section 2, i sometr ic  embedd ings  l~--- E ,  ~ E.÷t ~ l~ ÷~. W e  have  ~ , ~ N  E~ = 

C(A) ([7]). T a k e  the cor responding  admissible  basis (e,) ,~N. The  associa ted  

funct ionals  (~ , ) ,~N here  satisfy: For  every  k, m E N there  is n _--- m such that  

~ , jE .  = ~lE~- For  this basis we can apply the same  a rgumen t  as in the p roof  of 

T h e o r e m  I with only minor  modificat ions.  In par t icular ,  in the preceding  p roof  

we may  take  p = 0 which simplifies the a rgumen t s  considerably.  
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4. Proof of Theorem I I  

T h e  p roof  of T h e o r e m  II  is an easy consequence  of Pelczynski ' s  decompos i -  

tion me thod .  Let  X,,  n E N, be  Banach  spaces.  Then  we define 

and consider the norm II(x.).~ll = sup.~NIIx. II" 

LEMMA 6. A(S) ,  S the Poulsen simplex, is isomorphic to ((~_,A(S))(~.). 

PROOF. Put Z = (~=~A(S) ) (~ .  It is easy to show that Z is an L rp redua l  

space. Hence Z can be regarded as a subspace of A (S) such that there is a 

contractive projection P : A ( S ) ~  Z and ( id-P)(A (S)) is isomorphic to A (S). 

Hence  we have 

A ( S ) =  ( i d - P ) ( A ( S ) ) ~ ) Z ~ A ( S ) *  ( ~  A(S))(~o)- (~__~ A(S))(~o).  • 

PROOF OF THEOREM II. Le t  0 = Q. By T h e o r e m  I there  is a c o m p l e m e n t e d  

subspace  W C QA(S) such that  W - A ( S ) ,  hence  we can write QA(S)= 
W~)Z .  F u r t h e r m o r e ,  A ( S ) = U ~ ) Q A ( S ) .  W e  have  A ( S ) ~ ) Q A ( S ) =  
A ( S ) ~  W ~ ) Z  ~ W O Z  = QA(S) since A ( S ) O  W -  W. F u r t h e r m o r e  

A ( S ) ~  QA(S )~  ( ~ A(S))(,o)~) QA(S ) 

~(~__I U),,o)~)(~=I QA(S'),,o, - A ( S , "  

This p roves  T h e o r e m  II.  • 
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